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This I hall endeavour to fhew by the following Inftance ;
wherein A C, being fuppofed a Curve, whofe Equation is

;;:zn (AB being equal z, and CB equal y) the Area
A BC is required.

Let AB be divided into
any Number, x, of equal
Parts, as Ab, be, cd, e
and from the Points of Di-
vifion let Perpendiculars be
raifed, cutting the Curve in
the Points, 1, 2, 3, &c. and
having made p1, ¢2, 73,
54, &c. parallel to AB, let
the Bafe Ad, bc, cd, &o

- of each of the Re@angles p5,
ge, rd, &c. be reprefented
by d: Then b1, c2, d3, &ec. the Heights of thofe Red-

angles, being Ordinates to the Curve, will be 47, 241",

341" &, refpetively, each of which « being multiplied
by d, the common Bafe, and the Sum of all the Products

A fedef ok b

taken, will give 4 into d" - 24" 4 3d'".. | a,.

(=Apigar, & CBA) for the Area of the whole cir-
cumfcribing Polygon ; and this Series, according to the above-

faid Theorem ( Cor. IIL.) is equal to 4"t in, 5;’1?1—1 - ’i;
&e. :E:_Tl -+ dx?ln, &c. or, becanfe dx =z, it will
be = —;l-_-—:— -} , &c. Now, if from this the Diffe-

rence of the Inferibed and circumfcribed Polygons, or the
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ReQangle BD = /=" be taken, there will remain L L

k1

L

o e

— 228, for the Area of the inferibed Polygon.  Hence, it

s mamfcﬁ, that, let 4 be what it will, the infcribed Poly-

gon can never be fo great, nor the circumfcribed o {mall, as

= H—i—l A s
S (= has ) And therefore this Exprefiion muft

¥ ‘—-I
be accurately equal to the required Curvilincar Area ACB,

Of Angular Sedions, and fome rcmarkable Pro-
perties of the Circle.

PROPOSITION L

The Radius A C, and the Chord, Sine, or Co-fine of an Are,
as Ar, being given; to find the Chord, Sine, or Co-fine of
AR =mxAr, a Multiple of that Are,

ET RH betaken — AR, and the whole Arc A IT
be divided nto as many equal Parts, Ar, 7 £ &, as

there be Units in 2 ; and the Chords B7, B £, €%, urc drawn,
as alfo the Radii C?‘ CR CI‘I, and the Pgrpcrj(jlculus
rp, RE, calling AC, 15 Br, y; Cp, x5 CE, X, #p,
#; RE, U; Ar® 25 and AH?*==7: 'Then, becaule
any one of thofe Chords, as Bf. is to B» 4 BR, t'i¢ Sum
of the 2 next it;, as BC to B)‘) by a known P(Opgr{-y of
the Circle, we fhall have y~Bf - Br 4. BR, or yxBf
— B» = BR ; and for the very fame Reafon, y “BR— B/
=Bg, and yxBg — BR==B4, & e, Mence, it & p-
pears, that the Values of the Chords B f; BR, e, (which

Ee ‘4 to
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to a Radius equal A B, will be Co-fines of the Angles ABf;

A.B R, &¢.) may be readily had one after another, by ta-
king continually the Produ@ of the laft by y, minus he laft
but one, for the next following : And thus are had,

y*=~2=Bjf

y:—3y=BR,

y*—4y*+42=Byg,

3 — 5535y =Bj,

yo-—b6y44 9y*emz =BH,
Ge. &e,

And generally, fuppoﬁngh_y”* — By Cy" 3, e

to denote any one Chord of the foregoing Qrder, and A y
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— B y”*z + Cy "% &, the next to it; then the Chord
next following thefe will be A gt By g Cy
&e. —Ay" By”——a-—-éyﬂﬁ_s, e, = Ay”+!

5 ¢ 3 D ', &e. F hich
, =t . =i 4 "5 &e. From whic
A }y LN 4 ¢ (7
(by the Method of Increments foregoing) A will come cut

"3 Depx’"t x =, E =

=1, B=#n, C=nx e 2 3

n—72

n X ".:3._ X ?x ”:7 , &c. and confequently Ay " — By

n—73 —4 T4
=y nX

d-Cy @ =y ey enx

A7
4.

if # be taken equal to the given Number 7, it will become

— n—>0 #— —f #—3 .
X 222 y +”><_2“"'><:5—>< ¥y , 8. wherein

wr— 3

ey e mx - y" T4 e equal BR; but

if # be equal 277, then it will be 3" ny” L1

z
f"“*, &e. equal BH; where the Series are to be con-
tinued till the Exponents become negative. Hence, be-

caufe Bf isequal 2x, and the Arc AH=mx A £, it fol-

lows, that the Chord HB will be = 20 xR T
- mX m;-axzﬁc:”‘—-df’ e, and therefore, X (= CE )}

the required Co-fine being equal : H B, we have X227

2

”r _.._._._4_17;;———1 m m'__g —_....lm—.-4_ ” 7}: _
— X 2X + o X X 2X — T x ——
ey 37 e - —5 — 2
»nt 3 l?)z ” #—- g m "o
2x -+ vl
X=X s X X X =N 2k

&e. fhewing the Reladon of the Co-fines; from whence
U
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U ( = VJ—X”) comes out =V 1 — a xl, i, 2x) " "
s — W — P, o —_— .
P_ml.,xzxi +Jl,><r2.|_x2x-| ] _._A‘r:“_

e o —
Sx 20y 2xl” 7 & Furthermore, becanfe 2H
? z

>\ z
" 2 ., H— #— -
3 _ r,’v}'l + w o __._.i ¥ 4', [y

is equal CE, = _, AE will

2

B ”—:—3- » T,

be equal to +1; and there-

—
fore AE x AB cqual to — 3" kny” 7 ? — iy
. 4 2 = 7, where, if inftead of yy, its Equal —= 4 4

4

(AB>— Ar®) be fubftituted, it will become Z = = % 2 =

H—2 ?E"_J._
nz ? =mpxiz *, G oequal =27 m2me T \ay,
—_— —_— 2 m—_— 2 B aem O b T
x_"'_:f;___}_ x x ™ tmamx ; t % 3 LD Seom

 PTmS g 26y 2T ey ™ T4 &, continued to
4

L3

z 3
as mapy Terms as there are Unitsin w. &, E. L

Otherwife,
Let the Lines 7, RE, be confidered in a flowing State,

and (mn) as equal to x; then we fhall have /' 1 —xx

(pr):1 (Cr) Gt \—/-_—_3:——- equal »#; and this be-

1 — xx

ing the Fluxion of the Aic A, that of AR (equal m x

Ay I) will be —.2" ; which, for the very fame Reafon
' vy

>
[ oo X

that
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that e is the Fluxion of the A r, muft be equal to
V1—zxx .
X __: Whence, equally mutiplying the two Deno-

vVi—2xt®

max X N
o s —1 - vV Xi—, ?
taking the Fluent on each Side, there comes out, either,

Log X4/ X* =1 =mxLog » 4+  xx~—71, or, Log.
X—XX—1 =mLog. x— v/ xx—1; wherefore,
XtV Xo—Tandxt v xx—1'", as allo, X -

vV X*—71 and y —/ xx— 1" * the Numbers corre-

fponding to thofe Logarithms muft be equal: Hence,
by adding together the two Equations, we have 2 X =

X xx—17 ¢ x+ xx—1", and by taking
their Difference, 2 /' X2e—1 = x—|—\/xx—.ll”’__

minators by /— 1, we get

where,

X— . XX — il "5 from whence, by expanding the latter
Part of each of the Equations into Series, and dividing the

whole by 2, there will come out X=x" 4 mx Z_1y7—z
z

% xx——-f—{—mx’”:l ><'—”—l;--2~><’—'ifi X" A xx — 11%,

&e. and \/X’——Iz\/xx_j i”, mx ' - mx m:l

me———2

X == "—3xxx—1, &c the former of which being

.zj[m - —-'m‘—z

reduced into fimple Terms, givesX = 2 T X2 x!

_ n—4
+-—’:—><”' i x2xl , &c. the very fame as above

found. And the latter, by multiplying by /=T, to
Gg take

.
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‘ake away the imaginary Quantities, and fubftituting U and’
# inftead of their Equals o/ 1— X* ¢/ 1—xx , becomes

m—1

U=uin, mx t —ua 2 +mx = X ”’;"2 X =t
' m—3

X_-.—_£'7| z m-—1 m—2 yr—n1 me—4
i—u + m X X X == X

"e-—u

I—uul 2y ye, 8. which, in like manner, being redu-

mt—
z.3

T, z T T
Z{s P E 1 » Xus—m M1 »t —__()
X T X == X T35 X T X

Z 6_725 xu?, &c. LR.E, I

ced into fimple Terms, will be U = my v x X

COROL. L

ECAUSE the laft Equation, as appears from the
Procefs, will hold as well when » is a Fra&ion as
when a whole Number; let m, or the Multiple Arch A R
{(=mxAr) be fuppofed mdeﬁmtcly fmall; then will ma
—7)})(—-.3-—-)(“3—}-7”)( _3_[ XM“-__Q Xus @C the
Sine of that Arch, or the Arch it £lf (which in this Cafe

may be confidered as equal to it) become mu -+ S+

gma’ X254’ and ther
Z.3.4.5 -+ 2,3.4.5.6.7. ? &e. efore the Arch Ar
(:fﬁi whofe Sine is u, wxll, it is mamfeﬁ be =z

3-3u8 3.3.5.0%7 33-55.7.74°
+ 2385 ¥ 234567 + 2.3.4.5.0.7.8.97 &e.

COROL:
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COROL. IIL

F A~ be fuppofed indefinitely fmall, and » indefinitely
great, fo that the Multiple Arch mx A7 (=A) may
be a given Quantity ; then fince # may be confidered as
equal to A7, mu will be equal to A, and mu ~ m x ey

°3

miyld mSud

r3, &e, the Sine of A, equal to m 2 -
X Fi @ . ;] cq lt z‘-a. n 2.3_4.5
Al As A7
o ¢ saas — e O
25, &c in the Faltors m*—1, m*—9, &, may here be

rejected as indefinitely fmall in comparifon of m*,

or A— becanfe 1, o,

SCHOLIUM.

ECAUSE w ot vV 51 pott—v/ kel ”

. — 2
is found above to be univerfally = 2x! — m x

—_——— ——-_M— —
2x " +m><——-x2x 4-—-"‘" _m___xng X
——m—0b5 - . .

2% » e it is evident, by Infpeétson, that

x{-{/xx-}-i' +x-s/xx+l will be =

— — ey My
2xl mxaxl +‘m><’—°'#——xzx‘ » &, and .

S— _
~:_T—+‘/f—j-+r:|+———-~/ +”’ =y" -+

me—2

my 2o mx =

M-—-3

3" 7%, e (by fubftituting
-i:— in the room of ¥, and rr in that of Unity) let » and

» be what they will: Therefore,. if y” o~ mp” ™" 72 -

"
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A —3 m_4 M-—-4- f)s-—v_; ??.l---fl \
’”X‘——-—z ¥ r‘l"—l-mx—;“* X—-_y r5+mx

3

o me—_b Hl— m

X x—L s, e, be fuppofed equal to fome

given Quantity ¢, there will be given J_ -+ ‘/"{Z,. .;:;:;-Im
4

2

2 ”
-+ _-2_._\/15._1__,-;-] » alfo = ¢; and therefore

3 I 1z m o 2z m
< T \/Jf-+rr| —2ri” g 3’——,/341-}-”[

2

=¢c ; wherefore, the double Reétangle of 5_ + ‘/. ERRNTEPS ,Im
z 4

. ", ., "
into _2’2___\/242_4_,-,-1 bemg—-zrz , the Squarc of

7 s e A z .
T-{.‘/-i:—'-f-r;’ —-%-“¢.J%_%_rrlm will be =

cc 73" and f; 2 - ”
+ 4 and confequently — 4+ Jf. L ""l

—_ \/—Zi._i_ fm-\/cc-l— »*” 5 which
=V rr] = 4 5 which Equa-
tion added to the firft gives, 2x L 1 v,r_,% P r\m =
o im ‘
e Secd 47" and fubtraded therefrom, 2 x

” m
- 2
y—‘/!%_l_rrl —C—\/CC+47' m; whence we

I
2 x el Tom |m
have — < \/T+"'“ :-:-:-—]-\/;—‘-{_ rz” lm, and

T
m

y Lo 2 e E
T_¢4+r”=—§-—¢ +{‘z , and there-

4 e zZm 13 er v
foey=—+v T+ b T

: (113 )
Which may be ufeful and ferve as a Theorem for the So-
lution of certain Kind of adfetted Equations, comprehended

Kpe—2

N . . - m—1 iy —
in this Form, wviz. 3" --my r:pmx e Tt

¢, &, =¢: For an Inftance hereof, let the cubic Equa-
tion x3 -} dx =4 be propofed ; then, by comparing this

with y” — my™ "% r2 &e. we have m=3, y=x, mr*

- ——
=6, or 7‘7’:::.—;—-, c=h, and confequently # = ~ - ‘/%’j_}_ %
b vame sTH;
+ = —
¢ 7

PROPOSITION IL

If on the Diameter A B, from any Point C, in the Circle
A CB, whofe Centre is O, the Perpendicular Chk be let
fall, and the Arc AC be divided into any Number, im,
of equal Parts, as Aa, am, &c. and if the whole Pe-
riphery be alfp divided into the fame Number of equal Parts,
beginning at the Point a, as ab, be, cd, &c. and from
any Point P, in the Diameter A B, or AB produced,
Lines be drawn to the Points a, b, ¢, &c. I fay, Pa*x
Piz x Pcr  Pd?, &c. the comtinual Produét of the
Squares of all thofe Lines will be equal to AO*" =

AQ0”—* x20kxOP”+PO*™

UT AO=to1, PO =tox, AP* =to 1wal o,
Ok =1to b, 2m =to #, and the Square of any one

of the Chords Ag, Aé, Ac, Ad, &e. equal to z: Then,
fince any one of the correfponding Arcs Ag, Ad, Abe, &
reckoned forward a certain Number of Times, bringsus to the
fame Point C, o, is equal to AC, or AC plus a certain Num-~
Gg ber
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ber of Times the whole Periphery, it appears from the laft |

—I n—1 -2 f— A

Propofition that =g e=nzg” e =HX

X ? =™ 3, &¢, continued to m Terms, is=AC?, or

becaufe AC® is=2-4-26 (ABxAL) it wil be 2

=t m_z—nx_'”-;—4‘xﬂ#_;zm_3 LI I

3

=2+ 2b =0, let z ftand for the Square of which of thofe
Chords you will :  Wherefore, the Roots of this Equa-
tion being the Squares of the Chords Aa, Ad, Av, &e.
they muft be all pofitive, their Sum = 7, the Sum of their

Produéts 2 x =2 =, & by

common Algebra, Now, if se be made perpendicular to
A B, we fhall have AP> Ae==tAP x 2As=Pe*=

AP* 4 Ae* = APx-——_..APZ..l..

e 7}

>< A e' which

in

fuciad
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in Species, is Per=o4x x Ad*: And, for the very fame
Reafons, Pé* =v 4-xx Ab? Pc*=wv 4. xx Pc?, o
therefore the continual Produ@ of v 4-x x Aa* into
v+ xxAb* into wxxAc?, & is equal to Pa*x
P42xPc? &c. But in the former of thefe Produés, it
is evident, that when the feveral Fa&ors are a@ually drawn
into one another, the Co-efficient of the firft Term or high-
eft Power of v, will be 1; of the next inferior Power, the
Sum of all the abovefaid Roots A a2, Abz, & into x, of
the next following, the Sum of all their Produés into x?,
&c. and, therefore, the Sum of thofe Roots being already

found = 2, their Produélts = M -+

axv" " S x == x“vm'"z+nx”—-———_;4><”—-—-*qx3vm“3
r—% el — — —— :

+nx”—z—><-3-—-xf-zl LY R ST 42 f2bxx”

Pa*x Pb*x Pc?, &c. Or, by fubftituting for v, its Equal
Tomxlit will be T2 &'” + axxTox"™ 4+ 2x ’i:_;:é_

xrx 1w xh™™4, . .-[-2-{—-2-6; Xx™=Pa*x Pbr
Pe2, Be. (becavfe 27 =#): This in fimple Terms is

1 __nx-l—nx-ﬂ xXP— X I Ty, &, )
3

-|-;z><”_z,<i’__3x3 &e.
* * -F?I)(-——-yxz—' ny =3 xi’:}:ﬂ e, | =Pazx
>Pé%, &e.

* * * 4 nx = “‘3’5:& &e.

C‘J’c.

+ 2 Abxx

Which
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Which contradt=d, by adding together the homologous Terms,
becomes 1 * * ¥ &, Hence it appears, that the Co-
efficients do every where deftroy one another, except in the
firft, laft, and the middlemoft of the faid Terms; and
that the middle Term would likewife vanifh, if inftead of
2-4-2bxx" the correfponding Term of the above Series

1 wx " Jnxx 1w xl “=2, or that where the Expo-
nent of x is m, was to be added ; wherefore this

ly—1 Fu—2z2

Term being # x*—— x 7

1s eafy to perceive from the Law of Continuation, we have
1425x" f x2n=Pa*xPé>xPc? & or, AO*”
F+20ixA0™ " xPO"4-PO*”" =Pa*xPb>, &
And, when the Point %4 is taken on the other Side of O,
OZ% becoming — 04 AO*”"—202xA0"'xPO"
~+ PO 27 will be equal to Paz xPbzx Pez , e,
R, E. D.

I » bed n
..... o into x” (=2x")as

COROL L

F C be taken at B; then will 02=A 0O, and P4?

xPbs*xPc? Te. ==A0?” 4-2A0” xPO* 4
P O*™; where, by taking the Square Root on each Side,
we have PaxPéxPe¢, e, =AO0”4+PO”,

COROL IL

UT if C comesinto A; then A being—o0,and O £
=AQ,A0%" e 20kxA0" "' xPO"=Paz
Péz, @ will therefore become AQ®” = 2A0” x
PO "
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PO?4LPO2” =PazxPh2xPcz, &. AndPa x
Ps & =AO07" s PO™,

COROL IL

ENCE it is manifeft, that if any Circle ABCD,
dre. be divided into as many equal Parts as there
are Units in 2m (= being any whole Number what-

focver) and if in the Radius O A, produced thro’ A,
any one of the Points of Divifion, 2 Point as P be affu-
med any where, either within or without the Circle,

PA x PCxPExPG, & wil be = AO0", PO™»
PBxPDxPFxPH, &:. =AO0”4+PO”, and PA
xPBxPCxPDXPE, &, =A0*"nPO*",

Hh PROP.



